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INFINITE PRESENTATIONS FOR FUNDAMENTAL GROUPS OF
SURFACES
RYOMA KOBAYASHI
1. Introduction
For any surface S and any point ∗ in the interior of S, let π1(S, ∗) denote the
fundamental group of S based at ∗. When S is non orientable, we denote by
π+1 (S, ∗) the subgroup of π1(S, ∗) generated by elements which is represented by
loops whose regular neighborhoods are annuli, called two sided simple loops. A finite
presentation of π1(S, ∗) is well-known. In particular, π1(S, ∗), and also π
+
1 (S, ∗), are
free groups if S admits boundary. For a closed orientable surface S, Putman [12]
gave an infinite presentation of π1(S, ∗). In this paper we give infinite presentations
of π1(S, ∗) and π
+
1 (S, ∗) whose generators are represented by simple loops, for any
surface S, as follows.
Theorem 1.1. For any surface S, let π be the group generated by symbols Sα for
α ∈ π1(S, ∗) which is represented by a non trivial simple loop, and with the defining
relations
(1) Sα−1 = S
−1
α ,
(2) SαSβ = Sγ if αβ = γ.
Then π is isomorphic to π1(S, ∗).
Theorem 1.2. For any non orientable surface S, let π+ be the group generated by
symbols Sα for α ∈ π
+
1 (S, ∗) which is represented by a non trivial simple loop, and
with the defining relations
(1) Sα−1 = S
−1
α ,
(2) SαSβ = Sγ if αβ = γ,
(3) SαSβS
−1
α = Sγ if αβα
−1 = γ.
Then π+ is isomorphic to π+1 (S, ∗).
In order to prove Theorems 1.1 and 1.2, we use the following lemma.
Lemma 1.3 (cf. [12]). Let G and H be groups generated by sets X and Y re-
spectively such that H acts on G. Suppose that X ′ ⊂ X satisfies the following
conditions.
• H(X ′) = X.
• For any x ∈ X ′ and y ∈ Y , y±1(x) is in the subgroup of G generated by
X ′.
Then X ′ generates G.
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As groups acting on π and π+, we consider pure mapping class groups of S.
Using this lemma, we show that π and π+ are generated by symbols corresponding
to basic generators of π1(S, ∗) and π
+
1 (S, ∗) respectively.
In Section 2, we define mapping class groups and pure mapping class groups
of surfaces, and explain about their generators. In Sections 3 and 4, we prove
Theorems 1.1 and 1.2 respectively.
Through this paper, we do not distinguish a loop from its homotopy class.
2. On mapping class groups of surfaces
For g ≥ 0 and m ≥ 0, let Σg,m be a surface which is obtained by removing m
disks from a connected sum of g tori, as shown in Figure 2 (a). We call Σg,m a genus
g orientable surface with m boundary components. We define the mapping class
group M(Σg,m) of Σg,m as the group consisting of isotopy classes of all orientation
preserving diffeomorphisms of Σg,m. The pure mapping class group PM(Σg,m) of
Σg,m is the subgroup of M(Σg,m) consisting of elements which do not permute
order of the boundary components of Σg,m. Regarding some boundary component
of Σg,n+1 as ∗, we notice that PM(Σg,n+1) acts on π1(Σg,n, ∗) naturally. In this
paper, we use pure mapping class groups.
For g ≥ 1 and m ≥ 0, let Ng,m be a surface which is obtained by removing m
disks from a connected sum of g real projective planes. We call Ng,m a genus g
non orientable surface with m boundary components. We can regard Ng,m as a
surface which is obtained by attaching g Mo¨bius bands to g boundary components
of Σ0,g+m, as shown in Figure 2 (b) or (c). We call these attached Mo¨bius bands
crosscaps. We define the mapping class group M(Ng,m) of Ng,m as the group
consisting of isotopy classes of all diffeomorphisms of Ng,m. The pure mapping
class group PM(Ng,m) of Ng,m is the subgroup ofM(Ng,m) consisting of elements
which do not permute order of the boundary components of Ng,m. Regarding
some boundary component of Ng,n+1 as ∗, we notice that PM(Ng,n+1) acts on
π1(Ng,n, ∗), and also π
+
1 (Ng,n, ∗), naturally. In this paper, we use pure mapping
class groups.
It is well known that PM(Σg,m) can be generated by only Dehn twists, for
instance see [3, 4, 10]. On the other hand, PM(Ng,m) can not be generated by
only Dehn twists. We need boundary pushing maps and crosscap pushing maps as
generators of PM(Ng,m), other than Dehn twists (see [9, 11]). We now define a
Dehn twist, a boudary pushing map and a crosscap pushing map. For a two sided
simple closed curve c of a surface S, the Dehn twist tc about c is the isotopy class
of a map described as shown in Figure 1 (a). When S is orientable, the direction
of the twist of tc is the right side with respect to an orientation of S. When S
is non orientable, the direction of the twist of tc is indicated by an arrow written
beside c as shown in Figure 1 (a). Let α be an oriented arc of a surface between
a boundary component of the surface, as shown in Figure 1 (b). The boundary
pushing map Bα about α is the isotopy class of a map described by pushing the
boundary component along α. Let α and µ be an oriented simple closed curve and
a one sided simple closed curve of a non orientable surface respectively such that α
and µ intersect transversally at one point, as shown in Figure 1 (c). The crosscap
pushing map Yµ,α about α and µ is the isotopy class of a map described by pushing
a crosscap, which is a regular neighborhood of µ, along α.
We have the following theorems.
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(a) The Dehn twist tc about c.
(b) The boundary pushing map Bα about α. (c) The crosscap pushing map Yµ,α about α and
µ.
Figure 1. Elements of mapping class groups of surfaces.
Theorem 2.1 (c.f. [5]). Let c0, c1, . . . , c2g and d1, . . . , dn be simple closed curves of
Σg,n+1 as shown in Figure 2 (a). Then PM(Σg,n+1) is generated by tc0 , tc1 , . . . , tc2g
and td1 , . . . , tdn.
Theorem 2.2. Let a1, . . . , ag−1, b, µ, r0, r1, · · · , rn and skl be simple closed curves
and simple arcs of Ng,n+1 for 1 ≤ k < l ≤ n, as shown in Figures 2 (b) and (c).
Then PM(Ng,n+1) is generated by ta1 , . . . , tag−1 , tb, Yµ,a1 , Br0 , Br1 , . . . , Brn and
tskl for 1 ≤ k < l ≤ n.
Proof. There is an exact sequence
π1(Ng,n, ∗)→ PM(Ng,n+1)→ PM(Ng,n)→ 1,
introduced by Birman [1] for the case of orientable surfaces. The homomorphism
π1(Ng,n, ∗) → PM(Ng,n+1) is defined as α 7→ Bα, where α is an arc which is
obtained from α by regarding ∗ as a boundary component. The homomorphism
PM(Ng,n+1) → PM(Ng,n) is defined as the map which is induced by capping a
disk to the boundary component.
Let x1, . . . , xg and y1, . . . , yn−1 be oriented loops of Ng,n based at ∗, as shown
in Figure 3. It is well known that π1(Ng,n, ∗) is generated by x1, . . . , xg and
y1, . . . , yn−1. It follows that the homomorphism π1(Ng,0, ∗) → PM(Ng,1) sends
xi to a conjugate element of Br0 by ta1 , . . . , tag−1 and Yµ,a1 . In addition, regarding
∗ as the n-th boundary component of Ng,n+1, it follows that the homomorphism
π1(Ng,n, ∗)→ PM(Ng,n+1) sends xi to a conjugate element of Brn by ta1 , . . . , tag−1
and Yµ,a1 for n ≥ 1 and 1 ≤ i ≤ g, and yk to skn for n ≥ 2 and 1 ≤ k ≤ n− 1. It
is known that PM(Ng,0) is generated by ta1 , . . . , tag−1 , tb and Yµ,a1 (see [2, 13]).
Therefore using the exact sequence above, we obtain the generating set inductively.

Note that a finite generating set of PM(Ng,n+1) which is different from that of
Theorem 2.2 was already given by Korkmaz [8]. However we use the generating set
of Theorem 2.2 in this paper.
3. Proof of Theorem 1.1
In Subsection 3.1, we prove Theorem 1.1 of the case where S is orientable. In
Subsection 3.2, we prove Theorem 1.1 of the case where S is non orientable.
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(a) Simple closed curves ci and dk of Σg,n+1 for 0 ≤ i ≤ 2g
and 1 ≤ k ≤ n.
(b) Simple closed curves and simple arcs ai, b, µ and rk of Ng,n+1 for
1 ≤ i ≤ g − 1 and 0 ≤ k ≤ n.
(c) A simple closed curve skl of Ng,n+1 for
1 ≤ k < l ≤ n.
Figure 2.
Figure 3. Oriented loops xi and yk of Ng,n based at ∗ for 1 ≤
i ≤ g and 1 ≤ k ≤ n.
3.1. The case where S is orientable.
Let α1, . . . , αg, β1, . . . , βg and γ1, . . . , γn−1 be oriented loops of Σg,n based at ∗, as
shown in Figure 4. It is well known that π1(Σg,n, ∗) is the free group freely generated
by these loops for n ≥ 1 and the group generated by α1, . . . , αg and β1, . . . , βg which
has one relation [α1, β1] · · · [αg, βg] = 1 for n = 0, where [x, y] = xyx
−1y−1.
Let X be a set consisting of Sα, where α is a non separating loop or a separating
loop which bounds the m-th boundary component for 1 ≤ m ≤ n− 1, and let
X ′ = {Sα1 , . . . , Sαg , Sβ1 , . . . , Sβg , Sγ1 , . . . , Sγn−1} ⊂ X . Let Y be the generating
set for PM(Σg,n+1) given in Theorem 2.1. In the actions on π1(Σg,n, ∗) and π by
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Figure 4. Oriented loops αi, βi, γk, δi and ǫk of Σg,n based at ∗
for 1 ≤ i ≤ g and 1 ≤ k ≤ n, except for i = g for δi.
PM(Σg,n+1), we regard the (n + 1)-st boundary component of Σg,n+1 as ∗. We
prove the following proposition.
Proposition 3.1. (1) X generates π.
(2) PM(Σg,n+1)(X
′) = X.
(3) For any x ∈ X ′ and y ∈ Y , y±1(x) is in the subgroup of π generated by X ′.
In order to prove the proposition, we prepare the following lemma.
Lemma 3.2. For 1 ≤ i ≤ g − 1 and 1 ≤ k ≤ n, Sγn, Sδi and Sǫk are in the
subgroup of π generated by X ′, where γn, δi and ǫk are loops of Σg,n based at ∗ as
shown in Figure 4.
Proof. By the relations (1) and (2) of π, we calculate
Sγn = S([α1,β1]···[αg,βg]γ1···γn−1)−1
= ([Sα1 , Sβ1 ] · · · [Sαg , Sβg ]Sγ1 · · ·Sγn−1)
−1,
Sδi = Sβ−1
i
αi+1βi+1α
−1
i+1
= S−1βi Sαi+1Sβi+1S
−1
αi+1
,
Sǫk = Sβ−1g γ1···γk
= S−1βg Sγ1 · · ·Sγk
for 1 ≤ i ≤ g − 1 and 1 ≤ k ≤ n. Since each symbol of the right hand sides is in
X ′, we get the claim. 
Proof of Proposition 3.1. (1) For any generator Sα of π, if α is a non sep-
arating loop, Sα is in X clearly. If α is a separating loop, one of a
component of the complement of α is homeomorphic to Σh,m+1 for some
0 ≤ h ≤ g and 0 ≤ m ≤ n. Without loss of generality, suppose that α
is a loop as shown in Figure 5. Then by the relation (2) of π, we have
Sα = [Sα1 , Sβ1 ] · · · [Sαh , Sβh ]Sγ1 · · ·Sγm . Since each symbol of the right
hand side is in X , we conclude that X generates π.
(2) For any Sα ∈ X , if α is a non separating loop, there is f ∈ PM(Σg,n+1)
such that f(α1) = α, and hence f(Sα1) = Sα. If α is a separating loop
which bounds the m-th boundary component for 1 ≤ m ≤ n− 1, there is
f ∈ PM(Σg,n+1) such that f(γm) = α, and hence f(Sγm) = Sα. Therefore
we obtain the claim.
(3) In this proof, we omit details of calculations.
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Figure 5. An oriented loop α, one of a component of whose com-
plement is homeomorphic to Σh,m+1, for 0 ≤ h ≤ g and 0 ≤ m ≤ n.
Let y = tc0 . We calculate
y(Sα2) = Sα2β−12
(1),(2)
= Sα2S
−1
β2
,
y−1(Sα2) = Sα2β2
(2)
= Sα2Sβ2
and y±1(x) = x for any other x ∈ X ′.
Let y = tc2i−1 for 1 ≤ i ≤ g. We calculate
y(Sαi−1) = Sαi−1δi−1
(2)
= Sαi−1Sδi−1 ,
y−1(Sαi−1) = Sαi−1δ−1i−1
(1),(2)
= Sαi−1S
−1
δi−1
,
y(Sαi) = Sδ−1
i−1αi
(1),(2)
= S−1δi−1Sαi ,
y−1(Sαi) = Sδi−1αi
(2)
= Sδi−1Sαi ,
y±1(Sβi−1) = Sδ∓1
i−1βi−1δ
±1
i−1
(1),(2)
= S∓1δi−1Sβi−1S
±1
δi−1
and y±1(x) = x for any other x ∈ X ′.
Let y = tc2i for 1 ≤ i ≤ g. We calculate
y(Sβi) = Sβiαi
(2)
= SβiSαi ,
y−1(Sβi) = Sβiα−1i
(1),(2)
= SβiS
−1
αi
and y±1(x) = x for any other x ∈ X ′.
Let y = tdk for 1 ≤ k ≤ n. We calculate
y(Sαg ) = Sαgǫk
(2)
= SαgSǫk ,
y−1(Sαg ) = Sαgǫ−1k
(1),(2)
= SαgS
−1
ǫk
,
y±1(Sβg ) = Sǫ∓1
k
βgǫ
±1
k
(1),(2)
= S∓1ǫk SβgS
±1
ǫk
,
y±1(Sγl) = Sǫ∓1
k
γlǫ
±1
k
(1),(2)
= S∓1ǫk SγlS
±1
ǫk
for l ≤ k, and y±1(x) = x for any other x ∈ X ′.
Hence we have that for any x ∈ X ′ and y ∈ Y , y±1(x) is in the subgroup
of π generated by X ′, by Lemma 3.2.

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Proof of Theorem 1.1 of the case where S is orientable. By Lemma 1.3 and Propo-
sition 3.1, it follows that π is generated by X ′. There is a natural map π →
π1(Σg,n, ∗). The relations (1) and (2) of π are satisfied in π1(Σg,n, ∗) clearly. Hence
the map is a homomorphism. In addition, the relation [Sα1 , Sβ1 ] · · · [Sαg , Sβg ] = 1 is
obtained from the relation (2) of π for n = 0. Therefore the map is the isomorphism
for any n ≥ 0. Thus we complete the proof. 
3.2. The case where S is non orientable.
Let x1, . . . , xg and y1, . . . , yn−1 be oriented loops of Ng,n based at ∗, as shown
in Figure 3. It is well known that π1(Ng,n, ∗) is the free group freely generated by
these loops for n ≥ 1 and the group generated by x1, . . . , xg which has one relation
x21 · · ·x
2
g = 1 for n = 0.
Let X be a set consisting of Sα, where α is a one sided loop whose complement is
non orientable, or a separating loop which bounds the m-th boundary component
for 1 ≤ m ≤ n− 1, and let X ′ = {Sx1 , . . . , Sxg , Sy1 , . . . , Syn−1} ⊂ X . Let Y be the
generating set for PM(Ng,n+1) given in Theorem 2.2. In the actions on π1(Ng,n, ∗)
and π by PM(Ng,n+1), we regard the (n+1)-st boundary component of Ng,n+1 as
∗. We prove the following proposition.
Proposition 3.3. (1) X generates π.
(2) PM(Ng,n+1)(X
′) = X.
(3) For any x ∈ X ′ and y ∈ Y , y±1(x) is in the subgroup of π generated by X ′.
In order to prove the proposition, we prepare the following lemma.
Lemma 3.4. Syn is in the subgroup of π generated by X
′, where yn is a loop of
Ng,n as shown in Figure 3.
Proof. By the relations (1) and (2) of π, we calculate
Syn = S(x21···x2gy1···yn−1)−1
= (S2x1 · · ·S
2
xg
Sy1 · · ·Syn−1)
−1.
Since each symbol of the right hand side is in X ′, we get the claim. 
Proof of Proposition 3.3. (1) For any generator Sα of π, the complement of α
is homeomorphic to either
(a) Ng−1,n+1,
(b) Ng−2,n+2,
(c) Σh,n+r if g = 2h+ r for r = 1, 2,
(d) Nh,m+1 ⊔Ng−h,n−m+1 for 1 ≤ h ≤ g − 1 and 0 ≤ m ≤ n or
(e) Σh,m+1 ⊔Ng−2h,n−m+1 for 0 ≤ h ≤
g − 1
2
and 0 ≤ m ≤ n.
Without loss of generality, suppose that α is a loop as shown in Figure 6.
For the case (a), we have Sα = Sx1 . For the case (b), by the relation (2)
of π, we have Sα = Sx1Sx2 . For the cases (c), by the relation (2) of π, we
have Sα = Sx1 · · ·Sxg . For the case (d), by the relation (2) of π, we have
Sα = S
2
x1
· · ·S2xhSy1 · · ·Sym . For the case (e), by the relations (1) and (2) of
π, we have Sα = Sx1 · · ·Sx2hS
−1
x2h+1
S−2x2h · · ·S
−2
x2
S−1x1 Sx2 · · ·Sx2h+1Sy1 · · ·Sym
if h 6= 0. If h = 0, by the relation (2) of π, we have Sα = Sy1 · · ·Sym . Since
each symbol of the right hand sides is in X , we conclude that X generates
π.
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(a) An oriented loop α whose complement is home-
omorphic to Ng−1,n+1.
(b) An oriented loop α whose complement is home-
omorphic to Ng−2,n+2.
(c) An oriented loop α whose complement is home-
omorphic to Σh,n+r if g = 2h+ r for r = 1, 2.
(d) An oriented loop α whose complement is homeomorphic to
Nh,m+1 ⊔Ng−h,n−m+1 for 1 ≤ h ≤ g − 1 and 0 ≤ m ≤ n.
(e) An oriented loop α whose complement is homeomorphic to Σh,m+1⊔
Ng−2h,n−m+1 for 0 ≤ h ≤
g − 1
2
and 0 ≤ m ≤ n.
Figure 6.
INFINITE PRESENTATIONS FOR FUNDAMENTAL GROUPS OF SURFACES 9
(2) For any Sα ∈ X , if α is a one sided loop whose complement is non orientable,
there is f ∈ PM(Ng,n+1) such that f(x1) = α, and hence f(Sx1) = Sα.
If α is a separating loop which bounds the m-th boundary component for
1 ≤ m ≤ n− 1, there is f ∈ PM(Ng,n+1) such that f(ym) = α, and hence
f(Sym) = Sα. Therefore we obtain the claim.
(3) In this proof, we omit details of calculations.
Let y = tai for 1 ≤ i ≤ g. We calculate
y(Sxi) = Sxix−1i+1x
−1
i
(1),(2)
= SxiS
−1
xi+1
S−1xi ,
y−1(Sxi) = Sx2ixi+1
(2)
= S2xiSxi+1 ,
y(Sxi+1) = Sxix2i+1
(2)
= SxiS
2
xi+1
,
y−1(Sxi+1) = Sx−1
i+1
x
−1
i
xi+1
(1),(2)
= S−1xi+1S
−1
xi
Sxi+1
and y±1(x) = x for any other x ∈ X ′.
Let y = tb. We calculate
y(Sx1) = Sx1x2x3x−14 x
−2
3
x
−2
2
x1
(1),(2)
= Sx1Sx2Sx3S
−1
x4
S−2x3 S
−2
x2
Sx1 ,
y−1(Sx1) = Sx2
1
x2
2
x2
3
x4x
−1
3
x
−1
2
x
−1
1
(1),(2)
= S2x1S
2
x2
S2x3Sx4S
−1
x3
S−1x2 S
−1
x1
,
y(Sx2) = Sx1x22x23x4x
−1
3
(1),(2)
= Sx1S
2
x2
S2x3Sx4S
−1
x3
,
y−1(Sx2) = Sx2x3x−14 x
−2
3
x
−2
2
x
−1
1
x2
(1),(2)
= Sx2Sx3S
−1
x4
S−2x3 S
−2
x2
S−1x1 Sx2 ,
y(Sx3) = Sx3x−14 x
−2
3
x
−2
2
x
−1
1
x2x3
(1),(2)
= Sx3S
−1
x4
S−2x3 S
−2
x2
S−1x1 Sx2Sx3 ,
y−1(Sx3) = Sx−1
2
x1x
2
2
x2
3
x4
(1),(2)
= S−1x2 Sx1S
2
x2
S2x3Sx4 ,
y(Sx4) = Sx−1
3
x
−1
2
x1x
2
2
x2
3
x2
4
(1),(2)
= S−1x3 S
−1
x2
Sx1S
2
x2
S2x3S
2
x4
,
y−1(Sx4) = Sx−1
4
x
−2
3
x
−2
2
x
−1
1
x2x3x4
(1),(2)
= S−1x4 S
−2
x3
S−2x2 S
−1
x1
Sx2Sx3Sx4
and y±1(x) = x for any other x ∈ X ′.
Let y = Yµ,a1 . We calculate
y(Sx1) = Sx−1
2
x1x2
(1),(2)
= S−1x2 Sx1Sx2 ,
y−1(Sx1) = Sx2
1
x2x
−1
1
x
−1
2
x
−2
1
(1),(2)
= S2x1Sx2S
−1
x1
S−1x2 S
−2
x1
,
y(Sx2) = Sx−2
2
x
−1
1
x
−1
2
x1x
2
2
(1),(2)
= S−2x2 S
−1
x1
S−1x2 Sx1S
2
x2
,
y−1(Sx2) = Sx1x−12 x
−1
1
(1),(2)
= Sx1S
−1
x2
S−1x1
and y±1(x) = x for any other x ∈ X ′.
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Let y = Brk for 1 ≤ k ≤ n. We calculate
y(Sxg) = Sx2gykx
−1
g
(1),(2)
= S2xgSykS
−1
xg
,
y−1(Sxg ) = Sxgyk
(2)
= SxgSyk ,
y(Syk) = Sxgykx−1g
(1),(2)
= SxgSykS
−1
xg
,
y−1(Syk) = Sy−1
k
x
−1
g ykxgyk
(1),(2)
= S−1yk S
−1
xg
SykSxgSyk ,
y(Syl) = Sxgy−1k x
−1
g y
−1
k
ylykxgykx
−1
g
(1),(2)
= SxgS
−1
yk
S−1xg S
−1
yk
SylSykSxgSykS
−1
xg
,
y−1(Syl) = Sy−1
k
x
−1
g y
−1
k
xgylx
−1
g ykxgyk
(1),(2)
= S−1yk S
−1
xg
S−1yk SxgSylS
−1
xg
SykSxgSyk
for l < k, and y±1(x) = x for any other x ∈ X ′.
Let y = Br0 . We calculate
y±1(Sxj ) = Sx∓1g xjx±1g
(1),(2)
= S∓1xg SxjS
±1
xg
,
y±1(Syl) = Sx∓1g ylx±1g
(1),(2)
= S∓1xg SylS
±1
xg
for 1 ≤ j ≤ g and 1 ≤ l ≤ n− 1.
Let y = tskl for 1 ≤ k < l ≤ n. We calculate
y(Syk) = Sykylyky−1l y
−1
k
(1),(2)
= SykSylSykS
−1
yl
S−1yk ,
y−1(Syk) = Sy−1
l
ykyl
(1),(2)
= S−1yl SykSyl ,
y(Syl) = Sykyly−1k
(1),(2)
= SykSylS
−1
yk
,
y−1(Syl) = Sy−1
l
y
−1
k
ylykyl
(1),(2)
= S−1yl S
−1
yk
SylSykSyl ,
y(Sym) = S[yk,yl]ym[yk,yl]−1
(1),(2)
= [Syk , Syl ]Sym [Syk , Syl]
−1,
y−1(Sym) = S[y−1
l
,y
−1
k
]ym[y
−1
l
,y
−1
k
]−1
(1),(2)
= [S−1yl , S
−1
yk
]Sym [S
−1
yl
, S−1yk ]
−1
for k < m < l, and y±1(x) = x for any other x ∈ X ′.
Hence we have that for any x ∈ X ′ and y ∈ Y , y±1(x) is in the subgroup
of π generated by X ′, by Lemma 3.4.

Proof of Theorem 1.1 of the case where S is non orientable. By Lemma 1.3 and
Proposition 3.3, it follows that π is generated by X ′. There is a natural map
π → π1(Ng,n, ∗). The relations (1) and (2) of π are satisfied in π1(Ng,n, ∗) clearly.
Hence the map is a homomorphism. In addition, the relation S2x1 · · ·S
2
xg
= 1 is ob-
tained from the relation (2) of π for n = 0. Therefore the map is the isomorphism
for any n ≥ 0. Thus we complete the proof. 
4. Proof of Theorem 1.2
Let xij = xixj and zk = xgykx
−1
g for 1 ≤ i, j ≤ g and 1 ≤ k ≤ n− 1, where
x1, . . . , xg and y1, . . . , yn−1 are loops of Ng,n as shown in Figure 3. We first consider
a presentation for π+1 (Ng,n, ∗) as follows.
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Lemma 4.1. π+1 (Ng,n, ∗) is the free group freely generated by x12, . . . , xg−1 g,
x11, . . . , xgg, y1, . . . , yn−1 and z1, . . . , zn−1 for n ≥ 1, and the group generated
by x12, . . . , xg−1 g and x11, . . . , xgg which has two relations x11 · · ·xgg = 1 and
xggx
−1
g−1 gxg−1 g−1x
−1
g−2 g−1 · · ·x22x
−1
12 x11x12 · · ·xg−1 g = 1 for n = 0.
Proof. Since π+1 (Ng,n, ∗) is an index two subgroup of π1(Ng,n, ∗), we can obtain a
presentation of π+1 (Ng,n, ∗) by the Reidemeister Schreier method (for details, for
instance see [6]). Note that π1(Ng,n, ∗) is generated by x1, . . . , xg and y1, . . . , yn−1.
We chose {1, xg} as a Reidemeister transversal for π
+
1 (Ng,n, ∗) in π1(Ng,n, ∗). Then
it follows that π+1 (Ng,n, ∗) is generated by x1x
−1
g , . . . , xg−1x
−1
g , xgx1, . . . , xgxg,
y1, . . . , yn−1 and z1, . . . , zn−1 (see [7]). In addition, we see
1(x21 · · ·x
2
g)1
−1 = x1x
−1
g · xgx1 · x2x
−1
g · xgx2 · · ·xg−1x
−1
g · xgxg−1 · xgxg,
xg(x
2
1 · · ·x
2
g)x
−1
g = xgx1 · x1x
−1
g · xgx2 · x2x
−1
g · · ·xgxg−1 · xg−1x
−1
g · xgxg.
Hence when n = 0, we have two relations
x1x
−1
g · xgx1 · x2x
−1
g · xgx2 · · ·xg−1x
−1
g · xgxg−1 · xgxg = 1,
xgx1 · x1x
−1
g · xgx2 · x2x
−1
g · · ·xgxg−1 · xg−1x
−1
g · xgxg = 1.
Let G be the group which has the presentation of the lemma. We next show that
G is isomorphic to π+1 (Ng,n, ∗). Let ϕ : G→ π
+
1 (Ng,n, ∗) and ψ : π
+
1 (Ng,n, ∗)→ G
be homomorphisms defined as
ϕ(xi i+1) = xix
−1
g · xgxi+1,
ϕ(xjj) = xjx
−1
g · xgxj ,
ϕ(yk) = yk,
ϕ(zk) = zk,
ψ(xix
−1
g ) = xi i+1x
−1
i+1 i+1xi+1 i+2x
−1
i+2 i+2 · · ·xg−1 gx
−1
gg ,
ψ(xgxj) = xggx
−1
g−1 gxg−1 g−1x
−1
g−2 g−1 · · ·xj+1 j+1x
−1
j j+1xjj ,
ψ(yk) = yk,
ψ(zk) = zk
for 1 ≤ i ≤ g − 1, 1 ≤ j ≤ g and 1 ≤ k ≤ n− 1. We calculate
ϕ(x11 · · ·xg−1 g−1xgg)
= x1x
−1
g · xgx1 · · ·xg−1x
−1
g · xgxg−1 · xgxg,
ϕ(xggx
−1
g−1 gxg−1 g−1x
−1
g−2 g−1 · · ·x22x
−1
12 x11x12 · · ·xg−1 g)
= xgxg(xg−1x
−1
g · xgxg)
−1(xg−1x
−1
g · xgxg−1)(xg−2x
−1
g · xgxg−1)
−1 · · ·
(x2x
−1
g · xgx2)(x1x
−1
g · xgx2)
−1(x1x
−1
g · xgx1)(x1x
−1
g · xgx2) · · · (xg−1x
−1
g · xgxg)
= xgx1 · x1x
−1
g · xgx2 · x2x
−1
g · · ·xgxg−1 · xg−1x
−1
g · xgxg ,
ψ(x1x
−1
g · xgx1 · x2x
−1
g · xgx2 · · ·xg−1x
−1
g · xgxg−1 · xgxg)
= x11x22 · · ·xg−1 g−1xgg ,
ψ(xgx1 · x1x
−1
g · xgx2 · x2x
−1
g · · ·xgxg−1 · xg−1x
−1
g · xgxg)
= xggx
−1
g−1 gxg−1 g−1x
−1
g−2 g−1 · · ·x22x
−1
12 x11x12 · · ·xg−1 g.
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Hence ϕ and ψ are well defined even if n = 0. In addition, we have
ψϕ(xi i+1) = ψ(xix
−1
g · xgxi+1)
= xi i+1x
−1
i+1 i+1 · · ·xg−1 gx
−1
gg · xggx
−1
g−1 g · · ·xi+2 i+2x
−1
i+1 i+2xi+1 i+1
= xi i+1,
ψϕ(xjj) = ψ(xjx
−1
g · xgxj)
= xj j+1x
−1
j+1 j+1 · · ·xg−1 gx
−1
gg · xggx
−1
g−1 g · · ·xj+1 j+1x
−1
j j+1xjj
= xjj ,
ψϕ(yk) = ψ(yk) = yk,
ψϕ(zk) = ψ(zk) = zk,
ϕψ(xix
−1
g ) = ϕ(xi i+1x
−1
i+1 i+1 · · ·xg−1 gx
−1
gg )
= (xix
−1
g · xgxi+1)(xi+1x
−1
g · xgxi+1)
−1 · · · (xg−1x
−1
g · xgxg)(xgxg)
−1
= xix
−1
g ,
ϕψ(xgxj) = ϕ(xggx
−1
g−1 g · · ·xj+1 j+1x
−1
j j+1xjj)
= (xgxg)(xg−1x
−1
g · xgxg)
−1 · · · (xj+1x
−1
g · xgxj+1)(xjx
−1
g · xgxj+1)
−1(xjx
−1
g · xgxj)
= xgxj ,
ϕψ(yk) = ϕ(yk) = yk,
ϕψ(zk) = ϕ(zk) = zk.
Therefore ϕ and ψ are the isomorphisms. Thus we finish the proof. 
Let X be a set consisting of Sα, where α is a non separating two sided loop whose
complement is non orientable, or a separating loop which bounds them-th boundary
component for 1 ≤ m ≤ n− 1 or one crosscap whose complement is non orientable,
and let X ′ = {Sx12 , . . . , Sxg−1 g , Sx11 , . . . , Sxgg , Sy1 , . . . , Syn−1 , Sz1 , . . . , Szn−1} ⊂ X .
Let Y be the generating set for PM(Ng,n+1) given in Theorem 2.2. In the actions on
π+1 (Ng,n, ∗) and π
+ by PM(Ng,n+1), we regard the (n+1)-st boundary component
of Ng,n+1 as ∗. We prove the following proposition.
Proposition 4.2. (1) X generates π+.
(2) PM(Ng,n+1)(X
′) = X.
(3) For any x ∈ X ′ and y ∈ Y , y±1(x) is in the subgroup of π+ generated by
X ′.
In order to prove the proposition, we prepare the following lemma.
Lemma 4.3. Sxij , Sxji , Syn and Szn are in the subgroup of π
+ generated by X ′ for
1 ≤ i < j ≤ g, where yn is a loop of Ng,n as shown in Figure 3 and zn = xgynx
−1
g .
Proof. For 1 ≤ i < j ≤ g, if j − i = 1, then xij is in X
′ clearly. If j − i ≥ 2, we
calculate
Sxij = Sxi j−1x−1j−1 j−1xj−1 j
(2)
= Sxi j−1xj−1 jSx−1
j−1 jx
−1
j−1 j−1xj−1 j
(1),(2),(3)
= Sxi j−1Sxj−1 jS
−1
xj−1 j
S−1xj−1 j−1Sxj−1 j
= Sxi j−1S
−1
xj−1 j−1
Sxj−1 j .
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By induction on j − i, it follows that Sxij is in the subgroup of π
+ generated by
X ′. In addition, we calculate
Sxji = Sxjjx−1ij xii
(2)
= Sx−1
ij
Sxijxjjx−1ij xii
(1),(2)
= S−1xijSxijxjjx−1ij
Sxii
(3)
= S−1xijSxijSxjjS
−1
xij
Sxii
= SxjjS
−1
xij
Sxii .
Hence Sxji is also in the subgroup of π
+ generated byX ′. Moreover, by the relations
(1) and (2) of π+, we calculate
Syn = S(x11···xggy1···yn−1)−1
= (Sx11 · · ·SxggSy1 · · ·Syn−1)
−1,
Szn = S(xg1x12x23···xg−1 gz1···zn−1)−1
= (Sxg1Sx12Sx23 · · ·Sxg−1 gSz1 · · ·Szn−1)
−1.
Therefore Syn and Szn are also in the subgroup of π
+ generated by X ′.
Thus we get the claim. 
Proof of Proposition 4.2. (1) For any generator Sα of π
+, the complement of
α is homeomorphic to either
(b) Ng−2,n+2,
(c) Σh,n+2 only if g = 2h+ 2,
(d) Nh,m+1 ⊔Ng−h,n−m+1 for 1 ≤ h ≤ g − 1 and 0 ≤ m ≤ n or
(e) Σh,m+1 ⊔Ng−2h,n−m+1 for 0 ≤ h ≤
g − 1
2
and 0 ≤ m ≤ n.
Without loss of generality, suppose that α is a loop as shown in Fig-
ure 6. For the case (b), we have Sα = Sx12 . For the case (c), by
the relation (2) of π+, we have Sα = Sx12 · · ·Sxg−1 g . For the case
(d), by the relation (2) of π+, we have Sα = Sx11 · · ·SxhhSy1 · · ·Sym .
For the case (e), by the relation (1) and (2) of π+, we have Sα =
Sx12Sx34 · · ·Sx2h−1 2hS
−1
x2h 2h+1
S−1x2h−1 2h · · ·S
−1
x12
Sx23Sx45 · · ·Sx2h 2h+1Sy1 · · ·Sym
if h 6= 0. If h = 0, by the relation (2) of π+, we have Sα = Sy1 · · ·Sym .
Since each symbol of the right hand sides is in X , we conclude that X
generates π.
(2) For any Sα ∈ X , if α is a non separating two sided loop whose complement
is non orientable, there is f ∈ PM(Ng,n+1) such that f(x12) = α, and
hence f(Sx12) = Sα. If α is a separating loop which bounds the m-th
boundary component for 1 ≤ m ≤ n− 1, there is f ∈ PM(Ng,n+1) such
that f(ym) = α, and hence f(Sym) = Sα. If α is a separating loop which
bounds one crosscap whose complement is non orientable, there is f ∈
PM(Ng,n+1) such that f(x11) = α, and hence f(Sx11) = Sα. Therefore we
obtain the claim.
(3) In this proof, we omit details of calculations. In calculations, we use the
relation (3) as little as possible.
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Let y = tai for 1 ≤ i ≤ g. We calculate
y(Sxi−1 i) = Sxi−1 ix−1i i+1
(1),(2)
= Sxi−1 iS
−1
xi i+1
,
y−1(Sxi−1 i) = Sxi−1 ixi i+1
(2)
= Sxi−1 iSxi i+1 ,
y(Sxi+1 i+2) = Sxi i+1xi+1 i+2
(2)
= Sxi i+1Sxi+1 i+2 ,
y−1(Sxi+1 i+2) = Sx−1
i i+1
xi+1 i+2
(1),(2)
= S−1xi i+1Sxi+1 i+2 ,
y(Sxii) = Sxi i+1x−1i+1 i+1x
−1
i i+1
(1),(3)
= Sxi i+1S
−1
xi+1 i+1
S−1xi i+1 ,
y−1(Sxii) = Sxiixi+1 i+1x−1i i+1xiixi i+1
(2)
= Sxiixi+1 i+1Sx−1
i i+1
xiixi i+1
(1),(2)(3)
= SxiiSxi+1 i+1S
−1
xi i+1
SxiiSxi i+1 ,
y(Sxi+1 i+1) = Sxi i+1xi+1 i+1x−1i i+1xiixi+1 i+1
(2)
= Sxi i+1xi+1 i+1x−1i i+1
Sxiixi+1 i+1
(1),(2),(3)
= Sxi i+1Sxi+1 i+1S
−1
xi i+1
SxiiSxi+1 i+1 ,
y−1(Sxi+1 i+1) = Sx−1
i i+1
x
−1
ii
xi i+1
(1),(3)
= S−1xi i+1S
−1
xii
Sxi i+1 ,
t±1ag−1(Szl) = Sx±1g−1 gzlx
∓1
g−1 g
(1),(2)
= S±1xg−1 gSzlS
∓1
xg−1 g
for 1 ≤ l ≤ n− 1, and y±1(x) = x for any other x ∈ X ′.
Let y = tb. We calculate
y(Sx45) = Sx−1
23
x12x23x34x45
(1),(2)
= S−1x23Sx12Sx23Sx34Sx45 ,
y−1(Sx45) = Sx−1
34
x
−1
23
x
−1
12
x23x45
(1),(2)
= S−1x34S
−1
x23
S−1x12Sx23Sx45 ,
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y(Sx11) = Sx12x34x−144 x
−1
33
x
−1
12
x13x
−1
34
x
−1
23
x
−1
12
(2)
= Sx12x34x−144 x
−1
33
x−1
12
Sx13x−134 x
−1
23
x−1
12
(1),(2)
= Sx12Sx34S
−1
x44
S−1x33S
−1
x12
Sx13S
−1
x34
S−1x23S
−1
x12
,
y−1(Sx11) = Sx11x22x33x44x−134 x
−1
12
x11x12x23x34x
−1
23
(2)
= Sx11x22x33x44Sx−1
34
x
−1
12
x11x12x23x34x
−1
23
(1),(2)
= Sx11Sx22Sx33Sx44S
−1
x34
Sx−1
12
x11x12x23x34x
−1
23
(2)
= Sx11Sx22Sx33Sx44S
−1
x34
Sx−1
12
x11x12
Sx23x34x−123
(1),(2),(3)
= Sx11Sx22Sx33Sx44S
−1
x34
S−1x12Sx11Sx12Sx23Sx34S
−1
x23
,
y(Sx22) = Sx12x23x34x−113 x11x22x33x44x
−1
34
(2)
= Sx12x23Sx34x−113 x11x22x33x44x
−1
34
(1),(2)
= Sx12Sx23Sx34S
−1
x13
Sx11x22x33x44x−134
(2)
= Sx12Sx23Sx34S
−1
x13
Sx11Sx22Sx33x44x−134
(1),(2)
= Sx12Sx23Sx34S
−1
x13
Sx11Sx22Sx33x44S
−1
x34
(2)
= Sx12Sx23Sx34S
−1
x13
Sx11Sx22Sx33Sx44S
−1
x34
,
y−1(Sx22) = Sx23x−134 x
−1
23
x
−1
12
x22x34x
−1
44
x
−1
33
x
−1
22
x
−1
11
x12
(2)
= Sx23x42Sx−1
42
x
−1
34
x
−1
23
x
−1
12
x22x34x
−1
44
x
−1
33
x
−1
22
x
−1
11
x12
(2)
= Sx23Sx42Sx−1
42
x
−1
34
x
−1
23
x
−1
12
x22
Sx34x−144 x
−1
33
x
−1
22
x
−1
11
x12
(1),(2)
= Sx23Sx42S
−1
x42
S−1x34Sx−123 x
−1
12
x22
Sx34Sx−1
44
x
−1
33
x
−1
22
x
−1
11
x12
(1),(2)
= Sx23S
−1
x34
Sx−1
23
x
−1
12
Sx22Sx34S
−1
x44
S−1x33Sx−122 x
−1
11
x12
(1),(2)
= Sx23S
−1
x34
S−1x23S
−1
x12
Sx22Sx34S
−1
x44
S−1x33Sx−122 x
−1
11
Sx12
(1),(2)
= Sx23S
−1
x34
S−1x23S
−1
x12
Sx22Sx34S
−1
x44
S−1x33S
−1
x22
S−1x11Sx12 ,
y(Sx33) = Sx34x−144 x
−1
33
x
−1
22
x
−1
11
x13x
−1
23
x22x33x
−1
34
x
−1
23
x
−1
12
x23
(2)
= Sx34x−144 x
−1
33
x
−1
22
x
−1
11
x13
Sx−1
23
x22x33x
−1
34
x
−1
23
x
−1
12
x23
(2)
= Sx34Sx−1
44
x
−1
33
x
−1
22
x
−1
11
x13
Sx−1
23
x22x33
Sx−1
34
x
−1
23
x
−1
12
x23
(1),(2)
= Sx34S
−1
x44
Sx−1
33
x
−1
22
x
−1
11
x13
S−1x23Sx22x33S
−1
x34
S−1x23S
−1
x12
Sx23
(2)
= Sx34S
−1
x44
Sx−1
33
x
−1
22
x
−1
11
Sx13S
−1
x23
Sx22Sx33S
−1
x34
S−1x23S
−1
x12
Sx23
(1),(2)
= Sx34S
−1
x44
S−1x33S
−1
x22
S−1x11Sx13S
−1
x23
Sx22Sx33S
−1
x34
S−1x23S
−1
x12
Sx23 ,
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y−1(Sx33) = Sx−1
12
x11x22x33x44x
−1
24
x12x23x34
(1),(2)
= S−1x12Sx11x22x33x44x−124 x12x23x34
(2)
= S−1x12Sx11x22x33x44x−124
Sx12x23x34
(2)
= S−1x12Sx11Sx22x33x44x−124
Sx12Sx23Sx34
(1),(2)
= S−1x12Sx11Sx22x33x44S
−1
x24
Sx12Sx23Sx34
(2)
= S−1x12Sx11Sx22Sx33Sx44S
−1
x24
Sx12Sx23Sx34 ,
y(Sx44) = Sx−1
23
x12x23x34x44x
−1
34
x
−1
12
x11x22x33x44
(1),(2)
= S−1x23Sx12x23x34x44x−134 x
−1
12
x11x22x33x44
(2)
= S−1x23Sx12Sx23Sx34x44x−134 x
−1
12
x11x22x33x44
(2)
= S−1x23Sx12Sx23Sx34x44x−134
Sx−1
12
x11x22x33x44
(1),(2),(3)
= S−1x23Sx12Sx23Sx34Sx44S
−1
x34
S−1x12Sx11x22x33x44
(2)
= S−1x23Sx12Sx23Sx34Sx44S
−1
x34
S−1x12Sx11Sx22Sx33Sx44 ,
y−1(Sx44) = Sx−1
34
x
−1
23
x
−1
12
x24x
−1
34
x
−1
22
x
−1
11
x12x34
(2)
= Sx−1
34
x
−1
23
x
−1
12
x24
Sx−1
34
x
−1
22
x
−1
11
x12x34
(2)
= Sx−1
34
x
−1
23
Sx−1
12
x24
Sx−1
34
x
−1
22
x
−1
11
Sx12x34
(1),(2)
= S−1x34S
−1
x23
S−1x12Sx24S
−1
x34
S−1x22S
−1
x11
Sx12Sx34 ,
y(Szk) = Sx−1
23
x12x23x34zkx
−1
34
x
−1
23
x
−1
12
x23
(2)
= Sx−1
23
x12x23x34zk
Sx−1
34
x−1
23
x−1
12
x23
(1),(2)
= Sx−1
23
x12x23x34
SzkS
−1
x34
S−1x23S
−1
x12
Sx23
(1),(2)
= S−1x23Sx12Sx23Sx34SzkS
−1
x34
S−1x23S
−1
x12
Sx23 ,
y−1(Szk) = Sx−1
34
x
−1
23
x
−1
12
x23zkx
−1
23
x12x23x34
(2)
= Sx−1
34
x
−1
23
x
−1
12
Sx23zkx−123 x12x23x34
(1),(2)
= S−1x34S
−1
x23
S−1x12Sx23SzkS
−1
x23
Sx12Sx23Sx34
for 1 ≤ k ≤ n− 1 only if g = 4, and y±1(x) = x for any other x ∈ X ′.
Let y = Yµ,a1 . We calculate
y(Sx12) = Sx−1
12
x11x22
(1),(2)
= S−1x12Sx11Sx22 ,
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y−1(Sx12) = Sx11x22x−112
(1),(2)
= Sx11Sx22S
−1
x12
,
y(Sx23) = Sx−1
12
x11x12x23
(2)
= Sx−1
12
x11x12
Sx23
(1),(3)
= S−1x12Sx11Sx12Sx23 ,
y−1(Sx23) = Sx11x23
(2)
= Sx11Sx23 ,
y(Sx11) = Sx−1
12
x
−1
11
x12
(1),(3)
= S−1x12S
−1
x11
Sx12 ,
y−1(Sx11) = Sx11x22x−112 x
−1
11
x12x
−1
22
x
−1
11
(2)
= Sx11x22Sx−1
12
x
−1
11
x12x
−1
22
x
−1
11
(2)
= Sx11Sx22Sx−1
12
x
−1
11
x12
Sx−1
22
x
−1
11
(1),(2),(3)
= Sx11Sx22S
−1
x12
S−1x11Sx12S
−1
x22
S−1x11 ,
y(Sx22) = Sx−1
12
x11x12x11x22
(2)
= Sx−1
12
x11x12
Sx11x22
(1),(2),(3)
= S−1x12Sx11Sx12Sx11Sx22 ,
y−1(Sx22) = Sx11x22x−112 x11x12
(2)
= Sx11x22Sx−1
12
x11x12
(1),(2),(3)
= Sx11Sx22S
−1
x12
Sx11Sx12 ,
y(Szk) = Sx−1
12
x11x12zkx
−1
12
x
−1
11
x12
(2)
= Sx−1
12
x11x12zk
Sx−1
12
x
−1
11
x12
(1),(2),(3)
= Sx−1
12
x11x12
SzkS
−1
x12
S−1x11Sx12
(1),(3)
= S−1x12Sx11Sx12SzkS
−1
x12
S−1x11Sx12 ,
y−1(Szk) = Sx11zkx−111
(1),(2)
= Sx11SzkS
−1
x11
for 1 ≤ k ≤ n− 1 only if g = 2, and y±1(x) = x for any other x ∈ X ′.
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Let y = Brk for 1 ≤ k ≤ n. We calculate
y(Sxg−1 g ) = Sxg−1 gzk
(2)
= Sxg−1 gSzk ,
y−1(Sxg−1 g ) = Sxg−1 gyk
(2)
= Sxg−1 gSyk ,
y(Sxgg ) = Sxggykzk
(2)
= SxggykSzk
(2)
= SxggSykSzk ,
y−1(Sxgg ) = Szkxggyk
(2)
= SzkSxggSyk ,
y(Syk) = Sz−1
k
(1)
= S−1zk ,
y−1(Syk) = Sy−1
k
x
−1
gg z
−1
k
xggyk
(2)
= Sy−1
k
x
−1
gg z
−1
k
Sxggyk
(1),(2)
= Sy−1
k
x
−1
gg
S−1zk SxggSyk
(1),(2)
= S−1yk S
−1
xgg
S−1zk SxggSyk ,
y(Syl) = Sz−1
k
y
−1
k
ylykzk
(2)
= Sz−1
k
y
−1
k
ylyk
Szk
(1),(2)
= S−1zk S
−1
yk
SylSykSzk ,
y−1(Syl) = Sy−1
k
x
−1
gg z
−1
k
xggylx
−1
gg zkxggyk
(2)
= Sy−1
k
x
−1
gg z
−1
k
Sxggylx−1gg zkxggyk
(1),(2)
= S−1yk S
−1
xgg
S−1zk Sxggylx−1gg Szkxggyk
(1),(2)
= S−1yk S
−1
xgg
S−1zk SxggylS
−1
xgg
SzkSxggSyk
(2)
= S−1yk S
−1
xgg
S−1zk SxggSylS
−1
xgg
SzkSxggSyk ,
y(Szk) = Sxggy−1k x
−1
gg
(1),(2)
= SxggS
−1
yk
S−1xgg ,
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y−1(Szk) = Sy−1
k
(1)
= S−1yk ,
y(Szm) = Sz−1
k
zmzk
(1),(2)
= S−1zk SzmSzk ,
y−1(Szm) = Sy−1
k
zmyk
(2)
= Sy−1
k
zm
Syk
(1),(2)
= S−1yk SzmSyk ,
y(Szm′ ) = Sxggykx−1gg zm′xggy
−1
k
x
−1
gg
(2)
= Sxggykx−1gg Szm′xggy
−1
k
x−1gg
(1),(2)
= SxggykS
−1
xgg
Szm′SxggS
−1
yk
S−1xgg
(2)
= SxggSykS
−1
xgg
Szm′SxggS
−1
yk
S−1xgg ,
y−1(Szm′ ) = Szkzm′z
−1
k
(1),(2)
= Szkzm′S
−1
zk
(1),(2)
= SzkSzm′S
−1
zk
for l 6= k, 1 ≤ m < k and k < m′ ≤ n− 1, and y±1(x) = x for any other
x ∈ X ′.
Let y = Br0 . We calculate
y(Sxi i+1) = Sx−1
ig
xiixi+1 g
(1),(2)
= S−1xigSxiiSxi+1 g ,
y−1(Sxi i+1) = Sxgixi+1 i+1x−1g i+1
(1),(2)
= Sxgixi+1 i+1S
−1
xg i+1
(2)
= SxgiSxi+1 i+1S
−1
xg i+1
,
y(Sxg−1 g) = Sx−1
g−1 gxg−1 g−1xgg
(1),(2)
= S−1xg−1 gSxg−1 g−1Sxgg ,
y−1(Sxg−1 g ) = Sxg g−1 ,
y(Sxjj ) = Sx−1jg xjjxjg
(1),(3)
= S−1xjgSxjjSxjg ,
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y−1(Sxjj ) = Sxgjxjjx−1gj
(1),(3)
= SxgjSxjjS
−1
xgj
,
y±1(Sxgg ) = Sxgg ,
y(Syl) = Sx−1gg zlxgg
(2)
= S−1xggSzlSxgg ,
y−1(Syl) = Szl ,
y(Szl) = Syl ,
y−1(Szl) = Sxggylx−1gg
(1),(2)
= SxggylS
−1
xgg
(2)
= SxggSylS
−1
xgg
for 1 ≤ i ≤ g − 2, 1 ≤ j ≤ g − 1 and 1 ≤ l ≤ n− 1.
Let y = tskl for 1 ≤ k < l ≤ n. We calculate
y(Syk) = Sykylyky−1l y
−1
k
(2)
= SykylSyky−1l y
−1
k
(1),(2)
= SykSylSykS
−1
yl
S−1yk ,
y−1(Syk) = Sy−1
l
ykyl
(1),(2)
= S−1yl SykSyl ,
y(Syl) = Sykyly−1k
(1),(2)
= SykylS
−1
yk
(2)
= SykSylS
−1
yk
,
y−1(Syl) = Sy−1
l
y
−1
k
ylykyl
(2)
= Sy−1
l
y
−1
k
yl
Sykyl
(2)
= Sy−1
l
y
−1
k
SylSykSyl
(1),(2)
= S−1yl S
−1
yk
SylSykSyl ,
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y(Sym) = Sykylk−1k y
−1
l
ymylyky
−1
l
y
−1
k
(2)
= Sykylk−1k y
−1
l
ymyl
Syky−1l y
−1
k
(1),(2)
= Sykyly−1k
Sy−1
l
ymyl
SykS
−1
yl
S−1yk
(1),(2)
= SykylS
−1
yk
S−1yl SymSylSykS
−1
yl
S−1yk
(2)
= SykSylS
−1
yk
S−1yl SymSylSykS
−1
yl
S−1yk ,
y−1(Sym) = Sy−1
l
y−1
k
ylykymy
−1
k
y−1
l
ykyl
(2)
= Sy−1
l
y
−1
k
yl
Sykymy−1k y
−1
l
ykyl
(1),(2)
= S−1yl S
−1
yk
SylSykymy−1k
Sy−1
l
ykyl
(1),(2)
= S−1yl S
−1
yk
SylSykymS
−1
yk
S−1yl SykSyl
(2)
= S−1yl S
−1
yk
SylSykSymS
−1
yk
S−1yl SykSyl ,
y(Szk) = Szkzlzkz−1l z
−1
k
(2)
= SzkzlSzkz−1l z
−1
k
(1),(2)
= SzkSzlSzkS
−1
zl
S−1zk ,
y−1(Szk) = Sz−1
l
zkzl
(1),(2)
= S−1zl SzkSzl ,
y(Szl) = Szkzlz−1k
(1),(2)
= SzkzlS
−1
zk
(2)
= SzkSzlS
−1
zk
,
y−1(Szl) = Sz−1
l
z
−1
k
zlzkzl
(2)
= Sz−1
l
z
−1
k
zl
Szkzl
(2)
= Sz−1
l
z
−1
k
SzlSzkSzl
(1),(2)
= S−1zl S
−1
zk
SzlSzkSzl ,
y(Szm) = Szkzlz−1k z
−1
l
zmzlzkz
−1
l
z
−1
k
(2)
= Szkzlz−1k z
−1
l
zmzl
Szkz−1l z
−1
k
(1),(2)
= S
zkzlz
−1
k
S
z
−1
l
zmzl
SzkS
−1
zl
S−1zk
(1),(2)
= SzkzlS
−1
zk
S−1zl SzmSzlSzkS
−1
zl
S−1zk
(2)
= SzkSzlS
−1
zk
S−1zl SzmSzlSzkS
−1
zl
S−1zk ,
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y−1(Szm) = Sz−1
l
z
−1
k
zlzkzmz
−1
k
z
−1
l
zkzl
(2)
= Sz−1
l
z
−1
k
zl
Szkzmz−1k z
−1
l
zkzl
(1),(2)
= S−1zl S
−1
zk
SzlSzkzmz−1k
Sz−1
l
zkzl
(1),(2)
= S−1zl S
−1
zk
SzlSzkzmS
−1
zk
S−1zl SzkSzl
(2)
= S−1zl S
−1
zk
SzlSzkSzmS
−1
zk
S−1zl SzkSzl
for k < m < l, and y±1(x) = x for any other x ∈ X ′.
Hence we have that for any x ∈ X ′ and y ∈ Y ±1, y(x) is in the subgroup
of π+ generated by X ′, by Lemma 4.3

Proof of Theorem 1.2. By Lemma 1.3 and Proposition 4.2, it follows that π+
is generated by X ′. There is a natural map π+ → π+1 (Ng,n, ∗). The rela-
tions (1), (2) and (3) of π+ are satisfied in π+1 (Ng,n, ∗) clearly. Hence the
map is a homomorphism. In addition, the relations Sx11 · · ·Sxgg = 1 and
SxggS
−1
xg−1 g
Sxg−1 g−1S
−1
xg−2 g−1
· · ·Sx22S
−1
x12
Sx11Sx12 · · ·Sxg−1 g = 1 are obtained from
the relations (1), (2) and (3) of π+ for n = 0. Therefore the map is the isomorphism
for any n ≥ 0. Thus we complete the proof. 
Remark 4.4. Loops α, β and γ of the relation (3) of Theorem 1.2 can be reduced
to the form as shown in Figure 7. In fact, we used only this reduced relation as the
relation (3), in the proof of Theorem 1.2. We do not know whether the relation (3)
of Theorem 1.2 can be obtained from the relations (1) and (2) of Theorem 1.2 or
not.
Figure 7. The reduced relation SαSβS
−1
α = Sγ .
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